2-EXTENSIONS WITH MANY POINTS 



STEPHAN SEMIRAT 

Abstract. We give defining equations for function fields over finite fields with many rational 
places. They are obtained from composita of quadratic extensions of the rational function 
field. 



1. Introduction 

We are interested in the following problem: given a prime power q = jf and a positive 
integer 5, what is the maximal number of rational places Nq{g) of a function field of genus g 
and finite constant field F^? This problem arise for instance in the theory of error correcting 
codes. 

Prom the Riemann Hypothesis, we have the famous Hasse-Weil bound 

Ng{g) <q+l + 2g^, 

and J. P. Serre proved 

Ng{g)<q + l+g[2^], 

where [x] stands for the integer part of a real number x. 

In fact, the Hasse-Weil bound is a particular case of the so-called "methode des formules 
explicites", which majorates g for a fixed number of rational places. However, this method 
doesn't give the exact value of Nq{g) and to this day, there is no method which could do so. We 
are thus lead to trying to reach or coming as close as possible to the best known upper bounds 
for Nq{g), by way of finding (explicitely or not) function fields with the required parameters. 
The tables of G. van der Geer and M. van der Vlugt record results on best known function 
fields for 1 < 5 < 50 and q a small power of 2 or 3. 

A classical method to obtain function fields with many rational places is given by class field 
theory. In this method, one has to manage with three parameters: a function field K/¥g, a 
set S of rational places of and an effective divisor m with support disjoint from S. Then 
the ray class field Kg^ associated with {K, S, m) has its degree over K controlled by S (if S 
is sufficently large, one has Kg^ = K). The ramification of K^/K (and thus the genus) is 
controlled by m, and the number of rational places of is greater than [Kg : K] x \S\, since 
all the places of S split totally in K^. In particular, for S large and degm small one can hope 
to obtain some "good" function fields. For instance, when m = 0, then K'g is the Hilbert class 
field associated with {K, S) and if S equals the set of rational places of K, then the Hurwitz 
genus Formula gives 

iV(A-O) ^ NiK) 



1 ^ 1' 

where we denote by N{K) and gx (resp. N{Kg) and gj^o the number of rational places and 
genus of K (resp. Kg). 

One may verify in the tables |||] that in general, when q is fixed, the quotient Nq{g)/g decreases. 
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That is the greater N{K) is, the smaller hs{K) should be, when S is chosen to be the whole 
set of rational places of K. 

However, two problems arise with this method. The first one is that we don't know how to 
calculate the class number of a general pair {K, S). The second one is that for the applications, 
one needs explicit equations for the function fields involved. Such equations can hardly be 
found using general class field theory. 

2. The method 

In the following, we will apply the above class field method in it simplest form. We will 
construct some (Z/2Z)"'-sub-fields of some ray class field associated with quadratic extensions 
of the rational function field ¥g{x). The good thing with this is that we are able to give 
explicit equations for such fields. 

Let us start with a simple example. 

Example 2.1. Let k = W^i^x) and let K = k{y) he the quadratic extension of k defined by 

y2 = = 2(x^ + 2x + 2){x^ + 2x + 1). 

The genus of K/Y^ is qk = 2. Now consider the compositum L = K1.K2 where Ki = k{yi) 
and K2 = k(y2) are defined by the equations 

yf = = 2{x^ + 2x + 2) and yl = f2{x) =x^ + 2x + l. 

Since /1/2 = f, K is a subfield of L and the ramification in L/K occurs only at the place 
of degree 2 above (^). The Hurwitz Formula gives then ql = 4, for ql the genus of L. 
Furthermore, since fi{0), /«(!), and fi{2) are all squares 0/F3, we have thatN{L) = 4x3 = 12, 
which is the maximal number of rational places for a function fields of genus 4 over F3. 

Now we give more general facts. 
With the help of the genus formulae for quadratic extensions (see for instance ||6|, Propositions 
VI. 2. 3 and VI. 4.1], or the genus computation for a ramified 2-elementary extension of the 
rational function field can be done using the following theorem, which is a particular case of 
a theorem of G. Prey and H. G. Riick. A proof can be found in @. 

Theorem 2.2. Let L/k be a Galois extension such that Gal(L/fc) ~ (Z/2Z)" and let Kj, 
I C {1, . . . ,n} be the 2"" — 1 sub-fields of L, quadratic over k, and let gxj be their respective 
genus. Then the genus ql of L is given by 

gL = Y.9{Ki) 

i 

Remarks 2.3. • In odd characteristic, we easily have 

9L = 2^-^ I degP-4| +1. 

Vp, ep>l / 

• An analog formula is proven in |0] in the hard case of Artin-Schreier extension. 

For the applications, for insance to the geometric Goppa codes, one needs basis for some 
Riemann-Roch vector spaces. Such basis can be obtained as soon as one possesses a defining 
equation for the extension L/k (for instance, the software Kash ||3| knows how to do it). For 
our extensions L/k, the following proposition gives us such an equation. Therefore, we are in 
the best situation for the applications. 
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Proposition 2.4. Let L/k be the compositum of n disjoint quadratic extensions Ki/k given 
by Ki = ¥q{x,yi) with, for each i, yi satisfying: 

• in odd characteristic, yf = fi{x), where fi{x) £ ¥q[x] is square-free, 

• in even characteristic, yf + yi = fi{x), where fi{x) G such that for all z £ Fq(x), 
f,ix)^z^ + z. 

Then 

y = ^yi (resp. y = Wyi) 

i i 

is a primitive element for L/k in odd (resp. even) characteristic. 

Proof. The Galois group of L/k is generated by the cjj, 1 < i < n, such that in odd charac- 
teristic (resp. even) cJi(?/j) = -yi (resp. crj(yj) = yi + 1), and, for i / j, cri{yj) = yj. The 
element 

n n 

y = ^yi (resp. y = JJyi), 

i=l i=l 

is fixed by no element of Gal(L/A:). Thus, L = k{y). 

□ 

Corollary 2.5. Let L = k{yi,... ,y„,) = k{y), with y defined as in the above proposition. 
Then a minimal polynomial for y over k is given by 

P{Y,x)=l[{Y-ai{y))ek[Y], 
I 

where for each I C {1, . . . , n}, 

, , -f-r TT I ~yi 'i-f^ odd characteristic, 

<^i{y)= 11 2/i 11 S ^1 . , , . 

.^j . -, .^r Uj + J- m even characteristic. 

1=1. .n, i^I 1=1. .n, i£l K^^ 

Example 2.6. • In odd characteristic, 

— the field L = ¥q{x,yi,y2) with yf = fi{x) is given by L = Fq{x,y) with y satisfying 

/ - 2(/i + /2)y' + (/i - f2? = 0, 

— the field L = Fg(x, yi, y2, ys) with yf = fi{x) is given by L = Fg(x, y) with y satisfy- 
ing 

/ - 4 (e f) + 2 fsE + 2E ///.I / - 4 (e - E + 10/1/2/3) y' 

\ i / \ i i^j / \ i i^j J 

+ E/'-4E/'/^ + 6E/'/i +4 E /'/i// = o. 

i i^j ij^j ijtj, ij^l 

• In even characteristic, 

— the field L = Fq(x,yi,y2) with yf + yf = fi{x) is given by L = Fg{x,y) with y 
satisfying 

/ + + (/i + /2)y' + fif2y + f!fl = o, 



^The subscripts in the sums aren't ordered, for instance with 1 < i < 3, the sum X/i5^j f'-fi possesses 3 
terms. 
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- the field L = ¥q{x, 1/1,1/2,1/3) with yf + Hi = fi{x) is given L = ¥q{x,y) with y 
satisfying^ 

y^ + y'+ ( E fi] y' + ( fMs + E f^f^ ]y'+\ ^^^^/s + E f^ff ] y^ 



+ 



fififi + E fifjfi 



y^ + 



J 



\ 



E ffflfi 



y' + flflfh + ftnn 



4 ^4 



J 



3. Tables 



In the following tables, w denotes a generator for F*. We give in the last column either the 
exact value for Nq{g), or a range [a, b] (written a — b, following the notations in [^) such that 
Nq{g) £ [a, b] and there exists a function field defined over F^, with genus g and with at least 
a rational places. 

We give the defining equations for function fields L/¥q with genus ql obtained using the above 
method, and whose number of rational places N(^L) is near to, or reach, or is better than a. 
In the last case N{L) > a, estabilhing a new minoration for the corresponding value of Nq{g), 
we use bold face. 

The calculation have been made with the help of the algebraic number theory software Kash, 
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+ y' + {w'^'^x'^ + w-^^x^ + w'^'x + l)/(x'' + w*x-^ + W^'^X^ + 
w'^^x)y'^ + {w^^x'^ + w^x^ + w^^x'^ + w'^^x + l)/{x^ + w^x^ + 
■w^^x^+w^'^x^)y^ + {w^'^x^+w^^x^+w^'^x^+w^x^+x'^+w^^x+ 
w^'^)/{x'^°+w^x^+w'^^x^+w^''x'*')y'^ + {w'^^x^+w^^x^+w^x^ + 
w^^x^ + wx^ + w'^'^x + l)/(x^^ + w^x^° + w'^^x^ + w^'^x^)y^ + 
(ui20x'' + Ui^'^X^ + ui26x^ + w^'^x'^ + w'^x^ + w"^^ x"^ + w"^ X + 

1)/(X^^ + w'^X^^ + WX^'^ + W^x'^^ + «7242;12 _|_ yo'^ x'^^ + lU^X^" + 
^^22^,9 _|_ yj^j-?> _|_ tt;10x'')y^ + (ui*x^ + w'^^x^ + W^^ X^ + w'^ X^ + 
^2^x2 + W^X + 1)/(X^* + lU^'x" + WX^*^ + w'^x'^^ + ^2^x1'^ + 

w'^x^^ + w'^^x^'^ + w'^'^x'^^+w'^x^° + w^°x'^)y+{w'^'^x^ + w'^'^x'^ + 

l)/(x24 + -u)16^20 _^ ^^30^16 _^ ^;3^12-) 



y'' + y-^ + u;27/(.^2 ^ ^zj^^y^ + 1/(3,2 4. ^^273,)^ + l/(x* + w^^'x^) 



+ + (W^'^X^ + W^'^X + W^°)/{X^ + W^^X^ + W^^X + w28)y2 _|_ 

w"/(x3+u;^^x2+w'^°x+w2^)y+t(;2^/(x^+wi3x'^+w372;2+w56) 



N(L) 



98 



104 



120 



80 



104 



90 - 108 



108-130 



113-152 



81 
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/l - 

/2 = 



+ W^^X + 1 
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h 



w 



11 



a; 



w 



X X + w 



19 



/2 = 



w 



74 



X a: + zf; 



79 
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/2 
/3 



1 



X + 



63 



/l 
/2 
/3 
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a; 
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1 






- H 
a; 


h - 

a; 


+ w;79 


1 

- H 


h - 





X X + 



,61 



J2=X^ + 2x+l 



h = (X + 1)(X^+; 

x + 2) 



r2 = X 



L = Fq(x,y) 

+ + w'^'^x/{x'^ + W^^x^ + ti;36a;2 _|_ yj27rj. _|_ 2)y2 I / [x'^ + 
w272;3 4.^^36^,2 ^^27^^^ 2^ -)^_|_ 2/(3,8 ^_y;54^6 ^_y^92.4 ^_y,54^2 _|_ 2) 



y"* + + (u'^'^x + w"i)/(x2 + ti;"^x)j/2 + w"/(x2 + «7"ix)y + 



,,22 



/(x4 



,,95^2 



X2) 



y"* + + (w^°x + w*)/(x2 + w^^x + w^^)y'^ + (ly^^x^ + w*^^x + 
w'^^)/{x'^+w'^^x'^+w'^^x'^)y+{w'^'^x'^+wx'^+w^'^)/{x^^-w^'^x^ + 
w^^x^) 



„18„ 



.2N„4 



w*')/(x3 

,5 



3+«;97x2- 
53N /,'^6 , 



y" + y + 
(«;92^+l)/(x3 

«;36)/(x6 + l«"0x4 + M;94x2)y4 + (u;18^ + w'^'^) / {x' 

w^^x'^)y^ + {w^^x'^+w'^^x+w'^'^)/{x^+'w^^x^+w^°x'^ +w^^x^ 



-«;io"x- 
u;"0x4 ^ 



97 5 



-ii;^^x^ + w-^'*x^)y^- 



22 



4 I 14 
X + w 



w85/(xl 



-lU'^^x'^ + U'^^X^- 

8 + u;6ia;4) 



2/® + y ' + (w'^^'x^ + w^^'x^ + w^'^x + w")/{x'*' + w^'^x^ + w'x^ + 
u'^^x)j/'^ + (w^^^x''+w^^x^+w"2x^+w^^x+w^^)/(x6+it;^'*x''^ + 

w'^X^ + W^'^X^)y^ + (w'^^'x^ + W^°^X^ + w352;5 _|_ y;5l2,4 _j. y;152,3 
W63x2+u;64^+y;64)/(^10^^41^8^^14^6^^64^4)y4^(^692.7^ 

w'^x^ + w^Oa;^ + w'^x'' + w'^'^ x^ + w^'^x^ + w^'^x + w^"^) /(x^^ + 
w'^'^x'^°+w'^'^x^ + w^^x^)y^ + {'w^^x^ + w'^^x^+'w'^'^^x'^ + w^^x^ + 

w'^^X^ + Vp^x"^ + X^ + W^X^ + W^^'^X + U7^6)/(2.16 _,_ ^y84^15 _^ 
y^932,144_y^842,13_)_^1002,12_^^5l2,ll_^y^383,10 4_y^l262,9_|_^7l2, 
W^^x'^)y'^ + (w^^X^ + u;^3^8 _^ ^^62-7 _^ ^^703,6 _^ ^98^5 _^ ^^98^,4 _^ 
^47^3 + ^98^2^^103^ + ^96)/(^18 + ^84^17 + ^93^16+^84^15 + 
^100^14 ^ y^51^13 _^ ^,383.12 ^ y;1262.11 _^ ^71^10 ^ y;962.9)y ^ 

(w^'^x^^ + wx^ + w^^x"^ + w) /(x^'^ + w^^x^Q + w^^x^*^ + wx^^) 



y'^ + (x^ + 2x + 2)y2 + x** + x^ + 1 



y"* + (x^ + l)y2 + + 2x'' + 2x3 + x2 + 2x + 1 



y"* + (x"* + 2x3 + -j^ + x'^ + 2x^ + x^ + x^ 



N(L) 



128 



150 



192 



216 



288 



130-145 



150 



191 - 192 



227- 239 



258 - 327 
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fi 
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4 


/i = a;'^ + 2a; + 1 
/2 = 2(a;3 + 2x + 2) 


+ 2y'^ + x^ + X* + x^ 


12 


12 


5 


/i = (a; + l)(a;'' +a;^ + 
2a; + 1) 

f2 = a;'^ + + a;2 + 1 


+ (2x'' + x2 + 2)y2 + + x^ + x^ 


12 


12- 13 


D 


/i = a;'' + 2a; + 1 
f2 = a;5 + 2.T + 1 


y + (x + X + X + z jy + x + x + x 


1 A 


14 — lO 


7 


/i = (.T^ + 1)(.T^ +a; + 
2)(a;2 + 2a; + 2) 
/2 = (x2 + l)(a;4 + a;3 + 
2x+ 1) 


+ (2xS + x^ + 2x-* + 2x2 + 2x + 2)y'^ + x^° + x'' + x^ 


16 


16 


8 


fi = x'' + 2x+l 

f2=X^ +X^ +X+1 


y"* + (2x''' + x^ + 2)y2 + + _^ ^2 


14 


15- 18 


9 


J2 = (a-2 +a; + 2)(a;2 + 
2a; + 2) 

/3 = (.t + 1)(.t + 2)(.t2 + 
a; + 2) 


ifi _L / /7.4 _i 9t-3 _|_ ™2 _|_ ^~\,,6 _|_ / ™8 _|_ ™7 i 0,^.4 i ™3 i ^2 i ^ ,,4 _i 
(/ n- X ^ X J y \^X X zx -pX n^x -j- x J ^ y 

(2x1° + 22,9 + -jS _^ ^7 ^ 2x6 ^ 2x'4 + 2X^ + X + 2)?/2 + a;6 + 2;4 2-2 


16 


19 


13 


/i = (a; + l)(x-' +a;^ + 
2a; + 1) 

/2 = (x + l)(x2 + l) 
fa = a;3 + 2a; + 1 


y + (^/x + zx + zx )y + (^zx + zx + x + x j?/ + (^zx + 
2x" + xi° + x^ + 2x^ + x^ + 2)y2 + a;^^ + x" + x^^ + ^.n + 
2x1" ^ 2x^ + x^ + 2x5 


24 


24-25 


1 7 


/i = (a; + 2)(x-^ + a;^ + 
a; + 2) 

/2 = a;'' + a;^ + a;2+a;+l 
f3 = a;4 + 2a;3 + + 1 


y^ + (x2 + x)y6 + (x^ + 2x2 ^y^i _^ (2x^2 + 2xi" + x^ + 2x^ + 
2x5 + a;3 + 2x2 + X + 2)y2 + + x^ + x^ + 2x3 _^ ^2 


OA 




19 


/i = (x^ + l)(x^+x + 
2)(x2 + 2x + 2) 
/2 = (x2 + l)(x3 + x2 + 
2x + 1) 

/3 = x3 + 2X + 1 


y**+(2x6+2x5+x''+2x3+2x)y6+(x"+xi°+2x9+xS+x^+x'^ + 
2x5+2x''+x3+x2+2x)y*+(2xis+xi^+2xi'5+xi5+2x"+2xi2+ 
x"+2x^+x6+2x5+2x''+x2+2x+2)y2+a;24+2x23+x2i+x2'' + 

^,19 1 18 1 17 1 16 1 Ot,15 1 9^14_, 13, 9^10 1 7 1 9 6 1 4 1 2 
X 1 X r X n^x ^zx n^zx n^x n^zx t x n^zx t x n^x 


28 


28-32 


21 


/i = (.T^ + 1)(.T^ + .a; + 
2)(x2 + 2x + 2) 

/2 = (.t2 + 1)(x4 + x3 + 

2x + 1) 

/3 = (x2+x + 2)(x4 + 
x + 2) 


?;® + (x5+2x''+2x3+x2)y6 + (a;ii+a;9+a;8_^2x^+2x5+2x'')j/'' + 
(2xi8 + a;i7 + 2xi5 + xi2 + xii + 2x3+x'5 + 2x5 + x3 + 2x2 + 2)y2 + 

x22 + + x2" + X^^ + X^* + X^^ + X^^ + + + 2x^ + X* 


32 


32-35 



q 


gL 


fi 


L = Fq(x,y) 


N(L) 
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1 


/i = x{x + w'^) 

f2 = (X + W^) 


+ (x? + vs'x + + x"* + -uP x^ + w^x + 2 


16 


16 


2 


/2 = {X+1){X+W^){X+ 


y"* + (x^ + 2 * X + 2) * + x*^ + + 1 


18 


20 


6 


fi ~ x{x + w}(x + 
l){x + w^) 

h = x{x + 'w){x + 
w^){x + w"^) 


4i;'o4i 3i 3^2l 66i 4i 22 

y + (2x + wx + w x)y + w^x + x + w x 


28 


28 


4 


/i = + w^x^ + 

f2 = X^ + W^X^ + 


y-^ + 2x^y^ + 2x^ + x'^ + 2 


30 


30 


5 


fi = x{x + w) 

f2 = (X + 1){X + W^) 

h = [x + w^){x + w"^) 


yS _j_ ^6y6 -1- y4 _|_ (^2x^ + w'^x^ + w^x^ + x^ + vf'x + w^)y'^ + 1 


32 


32-36 


6 


fi = x{x''' + w){x''^ + 
wx^ +2x + w'') 

J2 = X{x^ + W){x^ + 

w^x"^ + w^x + w^) 


+ (2a;^ + + v?x'^ + wa;^ + 2.T2)y2 + 2x^^ + w^a;*^ + v?x^ + 
2x'^ + a;'' + wx^ + 2a;'* + vp-x^ + x^ 


34 


35 - 40 


7 


fi = (a:^ + w'^'x + 
'w^){x'^+wx'^+wx+w'^ ) 

/2 = (x'^ + w'^X + 

+ ui'^x^ + w''^x + 


(/ 4^ yz.x ^ tv X 4^ a 4^ zx 4^ x ^ zx uu x 4^ tc x 4^ 
w^x^ + wx^ + w^x"^ + w^x + 1 


36 


40-43 


a 

o 


fi = {x'^ +w'''x-' + 2x + 
w'^){x^ + 2x + w"^) 

f2 = {X^ + ufix'^ + X + 

w'^){x^ + 2x + w"^) 


y"* + (2x^ + w^x^ + x^ + it!*^x^ + w'^x + + 2x1'' _|_ ^^22,13 _|_ 
^12 ^ 2x1" ^ y^e^-g + 2x^ + w^x^ + 2x6 _^ ^,4 ^ 2x2 




00 ^ I 


9 


fi = w * x'^ + w' , 

f2 = X"^ + X^ + * X + 

/s ~ x'^ + w"^ * x^ + w * 
x'^ + 2* X 


y» 4- (ui'^x'* + w^a:"* +w'^x'^ + 'w''^x + 2)y^ + {w^x^ + x' + w'' x'^ + 
w'^x^ + w^x"* + w^x'^ + w^x^ + X + w^)y^ + {w^x^^ + wx^^ + 
w^x^ + w'^x^ + w^x'^ + w'^x^ + wx'^ + w^x** + w'^x'^ + If^X^ + 
w'^x + w^)y'^ + x^^ + w^x^^ + w^x^^ + w^x^'^ + w^x^^ + wx^*^ + 
vPx^ +w^x^ + wx'^ + 2x^ + wx^ + w^x^ + w^x^ + w^x^ + w'^x + 2 


40 


48-51 



27 



gL 
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fj 

/i = {x'^ + wx'^ + wx + 
w^){x^ + w^x'^ + w^x + 

/2 = {x'^ + WX^ + wx + 

+ x + w^) 
/s = (x^ + wx^ + wx + 
w^){x^ + x + w^) 



fi ~ x{x + w'-'^) 



x'^ + w'^x + U)^° 



/i = (x + w''){x^ 4 

/2 = + w'^^X + w'^^ 



fi = [x + w){x^ + w'^) 



X + W X ^- w 



Jl ^ x{x + + 

/2 = + w){x + 

w'^){x + + 



"7i = a;(a; + 

+ w'^){x 
w'^°){x + w"^'^) 

f2 = x{x + w){x 

w^){x + w'^){x 
w^^){x + w^^) 



fi — x{x-^ + Ui^^X'^ + 
w^^x + w^^){x^ +w^x + 



,,22N 



/2 = (x'' + w'^x'^ + X + 

w^){x'^ + w'^x + w^^) 



L = Fq(x,y) 

+ {w'^x^ + w'^x^ + + wa;^ + w^x + 2)y^ + (w'^x^^ + + 
+ lya;^ + + 2a;'^ + ly'^a;^ + 2x^ + 2x + 2)y'^ + {2x'^^ + w'^xi'^ + 
w'^x^^ + wx^^+w'^x'^'^ + w'^x'^^ + w'^x^'^+w'^x'^'^+w^x^^ + 2x^ + 
w^x'^ + w'^x^ + w'^x^ + w'^x'^ + 2)y2 + w^x^"^ + x^^ + w^x'^° + 
2x1^ + w^x'^^ + w^x^"^ + w'^x^'' + w^x^^ + w^x^"^ + 2x" + wa;^^ + 
W^X"^-^ + wx^ + w^x® + w'^x^ + w^x"* + ifj^x-^ + 2x^ + w^x + 1 



N(L) 



64 



y"* + (2x^ + w*x + w^^)y^ + w^°x^ + w^x + w 



20 



38 



+ (x^ + w^x'^ + WX + w'^)y'^ + x^ + w^'^x^ + 2x'' + w * x^ + 
w^x^ + w^x + 1 



52 



?;'* + (2x'''+wx^+w^^x+w^^)y^+w^x^+u;^^x^+2x^+w^x+w 



12 



64 



+ (2x'^ + w^x^ + w'^^x^ + 2x^ + w'^x^ + w^^x)y^ + w*x^° + 



w^x^ + w'^^x^ 



,U;10^7^a;6_^^24^5. 



68 



+ (2x'5 + x^ + w^x"^ + w 



18^3 



^x^ + wi''x)y^ + w^x^° + 



w'^ *x^ + w^x^ + w^^x'^ + w^x^ + w^^x^ +w^x'^ + w^^x^ + w^'^x^ 



76 



+ (2x'^ + w'^x^ +w'^'^x^ + w*^x^ + wx^ + w^x + + w^^x 
w^x^ + w'^^x^ + x'^ + 2x'^ + w^x^ + 2x^ + w^'^x^ + 2x + 1 



10 



82 



64-82 



38 



56 



64-66 



68-76 



76-86 



79-96 
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A = ix + w'^}{x' + 












W^X + W^)[X°+W^X + 












/2 == {X+W^'){X^ + 

w'^x+w'^'^){x^ +w^x'^ + 


y'^+{2x^+wx'^+w'^x^+w^^x^+w^x^+w^x^+w^^x'^+w^^*x+ 








8 


+ i(;8a;14 _|_y;21^13 _|_y^l02.12 _,_ ^232,11 _|_y^222,10 _^ ^163,9 _|_ 

3 8 1 7 1 25 6 i 20 5 1 15 4 ; 19 3 1 3 2 1 1 6 
W X + WX + W X + W X + W X + W X + W X +X + W 


84 


92 - 106 






w'^°x'^ + w^-'-x^ + w^^x+ 






















9 


fl=X + w^'^ 

/2 = X^x"^ +W^X + W^^) 

/a = x"^ + X + up'^^ 


+ (x"* + 7«^^x^ + w' x)y'^ + (x" + ui^x'-' + w'^x'^ + w'^'^x'^ + 

W^X'^ + W^X + W^^)y4 + (u;22 3,7 ^y;3,j,6 _|_ ^18^5 _|_y^3^4 -f 

w^x'^ + w^'^ * x)y^ + w-^x* + ui^^j;^ _|_ ui^'^x^ + w;^4,j,4 ^ w^x^ + 
Ui^^X^ + w^x + 


88 


91 - 116 






h = + w)[x^ + 












w^^x + w^'^){x^ + 










10 


w^x"^ + X^ + Ui^^X^ + 
w^x + w^) 

h = {x + w)(a-2 + 
w^'^x + w^'^){x^ + 
w'^x'^ + wx^ + w^a;^ + 
w^x + 1) 


?;^ + (2x® + W^3x'^ + W-'42;6_[_^2^5_|_y^82,4_j_y;122,3_|_^52,2_[_^3^^ 
2)y2 + U;142;14_,_y^5^13_|_y;5^12_|_^2l3,ll_(_y^^l0_|.y^25^9_,_y^l52,8_|_ 
^.,18,y,7 1 ^..24^6 I ^..22™5 i ^.,22™4 ; ,..4™3 i ^.,™2 i ,.,16^ i ^iiilS 


94 


91 - 126 






/i = (x + M;)(a;^ + w^) 


y** + (x^ + w'^x^ + w^^x + u;''^4)y'' + (x'' + w^^x^ + 2x4 _^ y^-^ir^i _^ 








11 


/2 = (x + u'5)(a;2 + 
/a = .x^ + w^^x + v?^ 


w^x^ + 2x + 1)?/'' + (x^ + liJ^x"^ + w'^^x^ + w^^x^ + w'^x^ + 
w^x^ + ui^x^ + w^'^x + w^'^)y^ + x^" + w'^x^ + w^^x'* + w'^^x'^ + 
w-'^^x^ + w-^^x^ + w'^x^ + w'^^x'^ + iiP x"^ + w^^x + 


96 


< 136 
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/i = x^ + W, /2 = x^ + 


7/4 + 2x2 y 2 _|_ ,j^,2 


1 nn 
iUU 


1 nn 






/i = (x + w'"){x-^ + 










2 


UI^X + w^) 

/2 = (x + i(;™)(x3 + 
uP'x + it;^) 


?;4 + (2x4 + w24a;3 4. ^'^'^x'^ + w^'^x + w^^)y'^ + w^x^ + u;44a;4 

w48.t3 + w'^X^ + W^^X + W^'' 


116 


118 




4 




?;4 + (2x3 + 71,4^x2 + W'^X + W^'-^)y^ + U;482,2 _^ yjVZr^ ^ ^bb 


150 


154 






/i = x{x + w'-^) 


y** + (w^"x + + (w'^^x^ + w^'^x^ + w34x + w''4)y4 ^ (2x^ + 
w^°x^ + w^^x'^ + w^'^x^ + w^x^ + iv^^x + w^^)y^ + 11?° x^ + 

W^^X^ + 2x^ + W^^X^ + t(;25a;2 + ^y4^ _j_ ^68 








5 


/2 = {x+w^°){x+w'^'') 
/3 = (x + ii;4)(x + w23) 


160 
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/i = {x' + w){x'' + 
w^x"^ + w^^) 

/2 = + W){X^ + 

w'^x^ + 2x + 


w^'^x'' + w^x^ + w^ix'' + w^'^x'^ + w^^x^ + w'^^x^ + vf'^x + 


172 


Ifin — 208 


13 


/i = x'' + w'x"^ +w" + 

h = + ^1^x2 + 
/3 = X2 + «;23 + u;59 


y* + (x'^ + w3yx2+W^^X + w3i')2;b_|_(3.8_|_^2Y2,b_|_^y2,b_,_y^bY2,4_|_ 

w29a;3+w65a:;2+t(7i"x+w'^^)y'* + (x^°+w;233,9_|_y,6i^8_|_y^i22,7_|_ 

W^X*^ + W^X^ + ^2^2,4 _|_ ^^30^,3 _,_ ^^75^.2 _,_ ^382; _|_ u;70-)y2 _|_ ^12 _|_ 
w'^^j.ll _|_ 1^52^10 ^ y;462,9 _|_ ti;432,8 _,_ ^„232.7 _|_ y;68^6 _,_ y;50^5 _|_ 
^502,4 _|_ yj^^rjS. _|_ y;162;2 _j_ ^^8 


224 


< 315 
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